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a b s t r a c t
A finite time synergetic control (FTSC) schemewhich is synthesizedwith synergetic theory
and a terminal attractor technique is proposed for controlling robot manipulators. Unlike
conventional synergetic control (SC) or conventional sliding-mode control (SMC), the
proposed control scheme has the characteristics of finite time convergence and chattering
free phenomena. The Lyapunov stability method is adopted here to verify the stability of
the controlled system. The proposed controller is then applied in the control of n-link robot
manipulators. All the simulation results demonstrate the effectiveness and feasibility of the
proposed control method.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
Since the Russian researcher Kolesnikov [1] first introduced synergetic control theory (SCT), synergetic control has
been widely studied and successfully applied in various fields. SCT is based on the ideas of modern mathematics, and
synergetics [2] which is concerned with the formation of the functional structures of systems. The resulting synergetic
control structure is attractive, because it is derived from a first-order differential equation with contraction and expansion
related to optimality criteria [3]. At the control design stage, the unwanted dynamics is eliminated in accordance with
the dynamic constraint introduced, presented as invariant manifolds in the state space of the system. The advantages of
synergetic control are well-suited for digital implementation, order reduction of the controlled system, and better control
of the off-manifold dynamics [4]. However, there are still some disadvantages inherent in synergetic control: for example,
a complete system model of the controlled system is required, system uncertainties and external disturbances cannot be
suppressed, and robustness of the system cannot be achieved effectively. To date, synergetic control has been utilized in
nonlinear power system stabilizers [5], power converters for pulse current charging [6], and DC–DC boost converters [7].
SMC techniques [8–11] can provide a kind of discontinuous switching control law, for driving the system states to a
predefined sliding manifold and for retaining them in the boundary layer region of the sliding manifold thereafter. The SMC
has been adopted as an effective robust control approach for problemswith system uncertainties and external disturbances.
To achieve better error convergence performance of the controlled system, the parameters of the sliding surface must be
selected such that the poles of the sliding dynamics must be selected as far as away from the origin as possible on the left
half of the s-plane, which results in increase of the gain of the controller. However, there are still some drawbacks of SMC:
for example, the high frequency switching control law will cause chattering phenomena, inevitably.
The TSM concept first appeared in [12], and can be described as
s = e˙+ βer/p (1)
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where s is the terminal sliding function, e is the error state, β is a strictly positive constant which will affect the rate
of convergence, and p and r are two odd positive integers satisfying the condition p > r . It can be seen that (1) may
cause a singularity to occur when e = 0. To avoid this singularity problem, a nonsingular terminal sliding-mode control
(NTSMC) [13] is adopted to tackle the singularity problem, which can be stated as
s = e+ 1
β
e˙p/r (2)
where the restriction on p and r is given as 1 < p/r < 2.
In this paper, a novel finite time convergent synergetic control is proposed for controlling an n-link robot manipulator.
This technique inherits themerits of synergetic control theory and terminal attractor techniqueswhich can assure that error
states converge to zero in finite time without high frequency switching control input, evades the singularity problem, and
also drives the error rate states to zero in finite time identically.
The main contributions of this paper are: (i) a novel finite time synergetic control scheme is developed for a class of
nonlinear systems; (ii) the stability analysis for the controlled nonlinear systems is proven through Lyapunov stability
theory; and (iii) the proposed controller is successfully applied to n-link robot manipulators.
This paper is organized as follows. In Section 2, the basic synergetic control theory for a nonlinear system is reviewed
briefly and the three-step design procedure is also given. The proposed finite time synergetic control is introduced in
Section 3. The design procedure for the finite time convergent synergetic controller for a robot manipulator is addressed
in detail in Section 4. In Section 5, simulation is performed on a two-link robot manipulator to examine the feasibility and
effectiveness of the proposed scheme. The conclusions are drawn in Section 6.
2. A brief review of synergetic control theory
Some of basic SC concepts will be reviewed here before the proposed finite time convergent synergetic control scheme
is introduced.
Consider a class of nonlinear systems as follows:
x˙(t) = f (x)+ b(x)u (3)
where x ∈ Rn×1, f (x) ∈ Rn×1, b(x) ∈ Rn×m, and u ∈ Rm×1.
Basically, the design procedure for the synergetic controller is very similar to that for the sliding-mode controller. It
consists of the following steps:
(1) Define a macrovariable σ for the nonlinear system for constructing a manifold as follows:
M1 =

x : σ = s(x) = 0, s(x) ∈ Rm×1 . (4)
Here σ = [σ1 σ2 · · · σm]T is a function of the system states. Basically, a linear combination of system states is
selected for simplicity.
(2) Design a controller that would drive the system states to exponentially approach the specified manifold M1 with an
evolution constraint which can be stated as
τσ˙ + σ = 0 (5)
where τ is a nonsingular positive definite diagonal matrix which will affect the rate of convergence of the system states.
(3) Solve the system (3) with the evolution condition (5) to obtain the control law uSC:
τσ˙ + σ = τsx (f (x)+ b(x)uSC)+ s = 0. (6)
Then, the resulting control law can be expressed as
uSC = − (sxb(x))−1 sx(x)f (x)− (τsx(x)b(x))−1 s = ueq + usyn (7)
where the first term ueq = − (sx(x)b(x))−1 sx(x)f (x) is the equivalent control term of the SC which is identical to that
derived from the SMC, and the second term usyn = − (τsx(x)b(x))−1 s is the synergetic term of the SC.
Theorem 1. Consider a class of nonlinear systems (3). The system states and their rateswill converge exponentially asymptotically
to zero with the rate of convergence depending on the selected parameter τ , a nonsingular positive definite diagonal matrix, if the
control law is exerted as (7).
Proof. If a Lyapunov candidate function is defined as V = 0.5σTσ, then one can have
V˙ = d
dt

0.5σTσ
 = σT σ˙ = sT sxx˙
= sT sx (f (x)+ b(x)uSC)
= sT sx

f (x)+ b(x) − (sx(x)b(x))−1 sx(x)f (x) − (τ sx(x)b(x))−1 s
= −τ−1sT s = −τ−1 ∥s∥2 ≤ 0. (8)
From inequality (8), this will guarantee the stability of the controlled system (3) with the control input uSC. 
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Unlike the conventional SMC scheme, synergetic control provides a smooth and non-switching continuous synergetic
term usyn. This controller can force the system states to approach the manifold exponentially asymptotically. When the
states reach the manifold, the synergetic controller will also retain them thereafter. The synergetic controller prevails over
the sliding-mode controller in that the former is smoothly continuous while the latter is discontinuous with abrupt change,
which will result in chattering phenomena.
3. The finite time synergetic control scheme
The design procedure for the finite time convergent synergetic controller is described in this section. Now, the terminal
attractor concept is included here and synthesized with the SC to construct the proposed FTSC scheme. Eq. (3) is still the
system to be considered. Similarly, a macrovariable for the nonlinear system is selected to construct the manifold M1. It
assumed that the system (3) also satisfies the following invertible condition:
det

∂σ
∂x
b(x)

≠ 0. (9)
The proposed controller will be designed here such that it will force the states to approach the manifoldM smoothly at
finite time with a new evolution constraint according to the following equation:
τσ˙p/r + σ = 0 (10)
where σ˙p/r = [σ˙ p1/r11 σ˙ p2/r22 · · · σ˙ pm/rmm ]T , pi and ri are positive odd numbers which satisfy the condition 1 < pi/ri <
2, i = 1, 2, . . . ,m. This constraint will drive the macrovariable σ and its derivative σ˙ to zero at finite time.
We now derive a control law that satisfies the condition (10). As σ = s(x), we then have
τ s˙p/r + s = 0 (11)
where s˙(x)p/r = [s˙p1/r11 s˙p2/r22 · · · s˙pm/rmm ]T and we have
σ˙ = sx(x)x˙. (12)
Substituting (12) into (3), one can obtain
sx(x)f (x)+ sx(x)b(x)uFTSC + (τs(x))r/p = 0 (13)
where (τ s(x))r/p = [(τ1s1)r1/p1 (τ2s2)r2/p2 · · · (τmsm)rm/pm ]T . After manipulation, the resulting control law can be
expressed as
uFTSC = − (sx(x)b(x))−1 sx(x)f (x)− (sx(x)b(x))−1 (τ s(x))r/p = ueq + uftsyn. (14)
The control law uFTSC contains two terms: ueq and uftsyn. The equivalent control term of the FTSC ueq =
− (sx(x)b(x))−1 sx(x)f (x) is the same as those of the equivalent control for nominal systems via SC and SMC, and uftsyn =
− (sx(x)b(x))−1 (τ s(x))q/p is the finite time convergent synergetic control term which will force the system states to zero
at finite time. Eq. (14) is referred to as the finite time convergent nonlinear synergetic controller which can force the system
states to approach the manifold at finite time. The major advantage of the finite time convergent synergetic controller over
the synergetic controller is that the former can drive the system states to zero in finite time and the system rate states will
also converge to zero in finite time, identically.
If a Lyapunov candidate function is defined as V = 0.5sT s then we have
V˙ = d
dt

0.5sT s
 = −τ ∥s˙∥(p+r)/r ≤ 0 (15)
where s˙(p+r)/r = [s˙(p1+r1)/r11 s˙(p2+r2)/r22 · · · s˙(pm+rm)/rmm ]T , p and r are positive odd numbers satisfying 1 < pi/ri < 2, i =
1, 2, . . . ,m.
Theorem 2. Consider a class of nonlinear systems (3). The system states and states rate will converge to zero in finite time
with the rate of convergence depending on the parameters τ, p, and r if the control law is exerted as (14), where τ is a
nonsingular positive definite diagonalmatrix, s˙p/r = [s˙p1/r11 s˙p2/r22 · · · s˙pm/rmm ]T , pi and ri are positive odd numbers satisfying
1 < pi/ri < 2, i = 1, 2, . . . ,m.
Proof. The proof is very similar to that shown in Theorem 1 and is omitted here. 
4. Finite time synergetic control for rigid manipulators
The design procedure of the proposed method will be explored step by step in this section. Firstly, a SC scheme is
introduced, and then the terminal attractor technique is included to develop the FTSC scheme.
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4.1. The synergetic controller design
Consider an n-link robot manipulator as follows:
H(q)q¨+ C(q, q˙)q˙+ g(q) = v (16)
where q ∈ Rn×1 is the joint angular position, H(q) ∈ Rn×1 is the symmetric positive definite inertia matrix, C(q, q˙) ∈ Rn×n
is the matrix containing Coriolis and centrifugal forces, g(q) ∈ Rn×1 is the gravitational force, and v ∈ Rn×1 the applied joint
torque.
Suppose that qd ∈ Rn×1 is the reference input of the robot manipulator and q˙d ∈ Rn×1 is its associated time derivative.
Here the tracking error and its time derivative, e = q− qd and e˙ = q˙− q˙d respectively, are introduced.
To define the macrovariable s, the manifold can be selected as
M2 =

ε : σ = s(ε) = 0, s(ε) ∈ Rm×1 (17)
where ε = e˙. For simplicity, we use the notationH instead ofH(q); then from Eq. (16), the error dynamic model of an n-link
manipulator can be expressed as
He¨+ Ce˙− (Hq¨d + Cq˙d + g) = −v. (18)
With ε = e˙, Eq. (18) becomes
H ε˙+ Cε− (Hq¨d + Cq˙d + g) = −v. (19)
Similarly, the evolution constraint (5) is applied to (18); then the resulting control law can be expressed as
vSC =

τsεH−1
−1 −H−1Cε+ H−1 (Hq¨d + Cq˙d + g)+ τsεH−1−1 s. (20)
Theorem 3. Consider an n-link robot manipulator (16). The system errors and error rate will converge exponentially
asymptotically to zero with the rate of convergence depending on the parameters τ if the control law is selected as (20), where τ
is a nonsingular positive definite diagonal matrix.
Proof. The proof is very similar to the proof illustrated in Theorem 1. If a Lyapunov candidate function is defined as
V = 0.5σTσ, then one can have
V˙ = d
dt
(0.5σTσ) = σT σ˙ = sT sεε˙
= sT sεH−1 [Cε− (Hq¨d + Cq˙d + g)− vSC]
= sT sεH−1

Cε− (Hq¨d + Cq˙d + g)−

τsεH−1
−1 −H−1Cε+ H−1 (Hq¨d + Cq˙d + g)+ τsεH−1−1 s
= −τ−1sT s = −τ−1∥s∥2 ≤ 0. (21)
From inequality (21), this will guarantee the stability of the n-link robot manipulator controlled system (16) with the
control input vSC. 
4.2. The finite time synergetic controller design
The design procedure for the proposed scheme is described here. Similarly, we define the macrovariable s used to
construct the manifoldM2.
The evolution constraint (11) is applied to (16); then the resulting control law can be expressed as
v = sεH−1−1 sε −H−1ε+ H−1 Hq¨d + −1Cq˙d + g+ sεH−1−1 τ−1sr/p (22)
where

τ−1s
r/p = sr1/p11 /τ1 sr2/p22 /τ2 · · · srm/pmm /τmT is a form of terminal attractor.
Theorem 4. Consider an n-link robot manipulator (16). The system errors and error rate will converge to zero in finite time with
the rate of convergence depending on the parameters τ, p, and r if the control law is selected as (22), where τ is a nonsingular
positive definite diagonal matrix, s˙p/r = s˙p1/r11 s˙p2/r22 · · · s˙pm/rmm T , pi and ri are positive odd numbers satisfying pi > ri,
i = 1, 2, . . . ,m.
Proof. The proof is very similar to that shown in Theorem 3 and the reader can verify it easily. 
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Fig. 1. Schematic diagram of a two-link robot manipulator.
5. Simulation results
A simulation with a two-link rigid robot manipulator [14], as shown in Fig. 1, is performed for the purpose of evaluating
the performance of the proposed control scheme. Firstly, by using thewell-known Lagrangian equation in classical dynamics,
the dynamic equation of the two-link rigid robot manipulator model can be expressed as
H11 H12
H21 H22
 
q¨1
q¨2

+
−hq˙2 −hq˙1 − hq˙2
hq˙1 0
 
q˙1
q˙2

+

g1
g2

=

v1
v2

(23)
where H =

H11 H12
H21 H22

is the inertia matrix, C =
−hq˙2 −hq˙1 − hq˙2
hq˙1 0

is the Coriolis and centrifugal force matrix, q =
q1 q2
T is thetwo-joint angle vector, g = g1 g2T is thegravitational force vector, and v = v1 v2T is thejoint torque
vector. The associated parameters of the two-link rigid robot manipulators are listed below:
H11 = m1l2c1 + I1 +m2[l21 + l2c2 + 2l1lc2 cos q2] + I2
H22 = m2l2c2 + I2
H12 = H21 = m2l1lc2 cos q2 +m2l2c2 + I2
h = m2l1lc2 sin q2
g1 = m1lc1g cos q1 +m2g[lc2 cos(q1 + q2)+ l1 cos q1]
g2 = m2lc2g cos(q1 + q2).
The parameter values for the robot manipulator for the simulation are selected as m1 = 3 kg,m2 = 1 kg, g =
9.81 m/s2, l1 = 2lc1 = 1 m, l2 = 2lc2 = 0.5 m, I1 = 0.48 kg m2, and I2 = 0.16 kg m2.
With the SC scheme, we select the manifolds as
s1 = λ1e1 + e˙1 (24a)
and
s2 = λ2e2 + e˙2 (24b)
where λ1 and λ2 are some positive time constants which can affect the system convergence rate. Then, the resulting control
law for SC can be expressed as
v1SC
v2SC

=

H11 H12
H21 H22

q¨d1
q¨d2

+

τ1 0
0 τ2
 
λ1 0
0 λ2
 
e˙1
e˙2

+

e˙1
e˙2

+

λ1 0
0 λ2
 
e1
e2

+

g1
g2

+
−hq˙2 −hq˙1 − hq˙2
hq˙1 0
 
q˙d1 − e˙1
q˙d2 − e˙2

. (25)
Similarly, with the same scheme as for designing the controller for SC, the resulting control law for FTSC can be expressed
as 
v1FTSC
v2FTSC

=

H11 H12
H21 H22

q¨d1
q¨d2

+

λ1 0
0 λ2
 
e˙1
e˙2

1168 C.-H. Liu, M.-Y. Hsiao / Computers and Mathematics with Applications 64 (2012) 1163–1169
Fig. 2. The reference trajectories of joints 1 and 2.
Fig. 3. Output tracking error of joints 1 and 2 with the FTSC scheme.
+

τ
−r1/p1
1 0
0 τ−r2/p22
 
λ
−r1/p1
1 0
0 λ−r2/p22
 
e1
e2

+

τ
−r1/p1
1 0
0 τ−r2/p22
 
e˙−r1/p11
e˙−r2/p22

+

g1
g2

+
−hq˙2 −hq˙1 − hq˙2
hq˙1 0
 
q˙d1 − e˙1
q˙d2 − e˙2

. (26)
Here, we select p1 = p2 = 5 and r1 = r2 = 3 to satisfy the condition 1 < pi/ri < 2. The reference trajectories are given
as qd1 = 0.35+ 0.4× sin(5t)× e−3t and qd2 = 0.25+ 0.3× cos(5t)× e−5t which are shown in Fig. 2. The initial values of
the system are selected as q1(0) = 0.5 and q2(0) = −0.6.
The simulation results are shown in Figs. 3–4. Fig. 3 shows the output tracking errors for joints 1 and 2. From the figure,
one can observe that the tracking errors for joint 1 and joint 2 converge to zero within 0.4 s. Fig. 4 illustrates the control
inputs exerted on joints 1 and 2. One can easily see from Fig. 3 that the system states track the desired reference signals.
From Fig. 4, it can also be seen that neither a singularity nor chattering occurs in these two control inputs. Unlike for the
conventional sliding mode, there is no chattering phenomenon occurring in the control law of the proposed scheme.
6. Conclusions
In this paper, we have developed a finite time synergetic control scheme for tracking control of a class of nonlinear
systems. The control lawhas been introduced by usingmethods of the synergetic theory of control and the terminal attractor
technique which can drive error states to zero in finite time without high frequency switching control input and also drive
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Fig. 4. Control input exerted at joints 1 and 2 with the FTSC scheme.
the error rate states to zero in finite time identically. The Lyapunov stability method has been adopted to verify the stability
of the controlled system. All the simulation results demonstrate the effectiveness and feasibility of the proposed control
method.
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